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Abstract
An extension of the structural Merton’s model of risk of default is proposed. It is based on an analysis of possible sources
of liquidity problems leading to bankruptcy. Pricing of a debt subject to default risk requires finding a value of an American put
option, which is performed by a Monte-Carlo simulation of a discretisation of the underlying stochastic equations. This also allows
an estimation of the probability of default.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
A company which is partially financed by debt faces the danger of bankruptcy. This takes place when a debt
payment is due and the company does not have sufficient funds (cash) on hand. Our model is based on two random
factors affecting the level of sales and reliability of the customers resulting in their ability to pay cash for the product.
These are modelled by means of certain stochastic differential equations. The cash flow, which is crucial from the
point of view of default risk, is computed by means of the primary variables, with a feedback effect.
The uncertainty of sales is related to the variable demand for the product. In times of prosperity, we can expect
a high level of sales and in these circumstances the conditions for the customers should be favourable. Low demand
indicates bad shape of the economy, and the conditions for our customers are more likely to be poor. Thus the random
factors in the equations should be positively correlated.
The equations governing the primary variables of our model can be calibrated by means of the data available in
companies, that is, the level of sales and delays in the cash settlement of invoices. The illiquidity problems emerge if
a low revenue is combined with invoices being paid with a large delay (some even never). Then, in order to meet the
payment and avoid bankruptcy, the company is forced to sell some of its assets, thus jeopardising its future prospects.
The key questions, like the estimation of the probability of default and valuation of debt exposed to credit risk, are
analysed by means of Monte-Carlo simulations. The necessity of this kind of approach results from the fact that the
valuation of American options lies at the heart of the problem, and this does not admit a closed-form solution.
Our model lies in the stream of research concerned with the structural approach to credit risk, where the underlying
variable is the value of a company’s assets. This is well elaborated in numerous papers and books, and we just mention
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here the monograph [1] and the references therein. One of the main drawbacks in this classical method is the difficulty
of calibration.
Multi-factor models typically include stochastic interest rates as the second factor. Our model, if extended in this
direction, would become a three-factor model close in form to a quite general model of [2].
The papers [3–5] are focused on cash-flow, which is similar to our approach. The main difference is that in these
papers, cash flow is taken to be a fundamental variable, whereas in our model it constitutes the output. The model
of [3] is based on a mean-reverting Ornstein–Uhlenbeck process to represent free cash flow, with parameters adjusted
by a model of the economic environment. The paper [4] develops a reduced-form model based on the discounted cash
balance as a primitive variable. Bankruptcy takes place after this balance becomes negative, with some grace period.
The model of [5] analyses the liquidation process concerned with selling assets to compensate cash shortages.
1.1. Structural approach to credit risk
The model presented in this paper is an extension of the structural Merton model, which, for the convenience of
the reader, will be briefly described first (for complete presentation see the original paper of Merton reproduced in
Chapter 12 of [6], Part I of [1], and also Section 2.3.3 in [2]). Assume that a company has assets whose value V (t) is
a stochastic process. The company has borrowed a certain sum of money, and D represents the amount which is due
back at time T , where no other payments are required in the meantime. At this time, if the value V (T ) is below D
the company is bankrupt and its shares are worth zero. If V (T ) > D, the company pays back the debt by liquidating
some assets and the shareholders are left with V (T ) − D. Thus the shares at time T represent a call option with
payoff max{V (T )− D, 0}, where V (t) is the underlying and D the exercise price. To find the present value E of the
shares (equity), we have to find the present value of this option assuming some model of the dynamics of V (t) (for
example, the Black–Scholes model). Then, bearing in mind that the value of a company is the sum of equity and debt,
V (0) = E(0) + D(0), and using call-put parity (see [7]), we find the value of the debt to be the present value of D,
discounted using the risk-free rate, minus the value of the put option with the underlying exercise date and price as
above.
All options in this model are European, that is, the exercise (payoff) is only at time T . A more realistic model
assumes that a company which is in debt has to meet some payments (interest, capital) before time T . Similarly, if the
value of the assets is below the payment required, the company goes bankrupt. In this version we deal with American
options, which can be exercised at any time up to T . The problem of valuation becomes more difficult, since even if
the model of the evolution of V (t) is simple (like the Black–Scholes model), there are no closed-form formulae for
American options; possible ways to proceed are to perform a Monte-Carlo simulation of some discretisation of V (t),
or solve numerically some related partial differential equations.
Further modification allows the default threshold to vary with time. A typical approach sets this level to be
L(t) = exp(−r(T − t))D, which is the value of the amount due at time T discounted to time t < T . Another
possibility, which we shall consider, is that this level represents the amount of the debt outstanding at time t . Since a
part of the principal may be repaid before time T , it seems natural to take L(t) as a decreasing function of time. Strictly
speaking, default happens as a result of a failure to pay the currently required amount, but the debt arrangements often
stipulate conditions, where the outstanding principal should be repaid, with the decision being based on some financial
ratios. We simply compare at each time the value of the assets with the debt still outstanding. If the former is lower,
then this is a logical criterion for triggering the bankruptcy (and in reality, some safety margin would be applied).
1.2. Liquidity problem
Our model is similar to the American option version of the structural model, and examines in more detail the
sources of difficulties a company may encounter when a debt payment should be settled. To explain the details, let us
dwell on some related practical issues motivating our set-up. The basic problem is that the company needs cash for
debt-related payments. A source of cash is revenue (the sales of company’s product). This is necessarily a stochastic
process, which will be denoted by X (t) below, since the volume depends on the market demand, which can be difficult
to predict. To generate sales, some costs (like materials or wages) are inevitable, and for simplicity these are assumed
to be paid instantly as a fraction of the sales (in real life a company has a choice between a delay and a discount, and
we assume that the latter is systematically used).
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A typical sale is not settled in cash immediately but with some delay depending on terms agreed and the financial
condition of the other party (also stochastic in nature). It is possible that some cash will never arrive if some customers
become bankrupt. So, even if the sales level is satisfactory, this delay may create a problem, since the payment related
to the debt must be paid at the time when it is due. In practice, it is possible to convert the invoices into cash by means
of the so-called factoring. A bank pays cash for the invoice, taking on the risk, but the amount paid is less that the
amount on the invoice, which reflects the time value of money and the risk of default.
If the cash obtained from the revenue is too small for servicing the debt, the company has to generate a necessary
sum of money by selling some assets (other possibilities like additional borrowing or issuing and selling of new shares
are not considered in our model). The company faces bankruptcy if, after liquidating assets, it is still short of cash.
Even if the reduction of assets gives sufficient funds, in the long term this may lead to default, since this will affect
the future sales, which we assume to be related to the assets held.
To describe these events in a quantitative way, we need a link between the sales and the value of assets. We shall
make below a simplifying assumption that these two quantities are proportional, and we would like to justify it first
here. By the value of assets, we mean the market value, of course. This is the money someone would be willing to pay,
and the basic reason for this is acquiring means to generate sales. So, if a company manufactures a product nobody
wishes to buy, the machines are worth zero, unless they are universal and can be used for other purpose (here we
assume indirectly that this is not the case). If today’s sales level is X , the cash generated in the absence of fixed costs
is proportional to X . Then, if we try to forecast the future, we are forced to make some assumptions. A standard one
is to assume that the average future sales will grow at some rate indefinitely (Gordon model). The value of the assets
is the present value of the future cash flows discounted at some rate, and the result is proportional to X (being equal
to X (1+g)k−g , where g is the growth rate in a unit time period and k is the cost of capital).
The above assumptions will be formulated mathematically in the next section, resulting in a model focused on cash
flow and its relationship with the company’s assets.
2. The model
We assume that
dX (t) = a1X (t)dt + σ1X (t)dW1(t)
for some parameters a1, σ1 and a Wiener process W1 living on some probability space Ω , t ∈ [0, T ].
We assume that the sales are converted to cash immediately, but in this process some value is lost (which reflects
the possible delay or the default of our customer). The money received from the customers is γ X (t), where γ < 1 is
random. We wish to model this randomness in a specific way by assuming that the coefficient γ depends on time and
has the form γ = F(Y (t)), where Y (t) is an auxiliary stochastic process satisfying
dY (t) = a2(m − Y (t))dt + σ2dW2(t)
for some a2, σ2 and Wiener process W2 living on the same space as W1, correlated to W1 with constant ρ correlation
coefficient, and
F : (−∞,+∞)→ [0, 1]
is an arbitrary fixed function. This approach combines the Wiener process as a noise with the necessity of outcomes
lying in a bounded interval. Negative values of Y are converted by F to small coefficients corresponding to large
likelihood that our customers are going to default on the payment. Even in the case of no default, a delayed payment
means that the coefficient must be below one (being the discount factor converting a future payment into today’s cash).
A stochastic discount factor allows the modelling of the random length of the delay period, which is a realistic feature.
The process Y is mean-reverting and represents the financial condition of the customers. This condition is
connected to the market condition affecting our sales since the driving Wiener processes are correlated.
The next important ingredient of the model is the analysis of cash flow and its impact on the company. We assume
that the operational costs are variable, equal to cX (t) for some c ∈ [0, 1] (for simplicity; of course a fixed cost can
be easily added thus allowing operational leverage). We assume that the debt is paid in the form of an annuity where
the annual payment is A – it is the same each year, and includes the interest and capital instalment. We assume that
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A > r D, which guarantees that in addition to the interest, some part of the principal will be paid. All these quantities
are on an annual basis, with cX (t)dt, Adt valid for the interval of length dt .
For example, if the interest rate r is constant and the payments are made continuously over the interval [0, T ], then
it is easy to check that the amount of the principal still outstanding at time t is
L(t) = exp{r t}
(
D − A
r
)
+ A
r
with
A = r D exp{rT }
exp{rT } − 1 ,
the continuous-time version of annuity. For technical simplicity we ignore taxes, which is justified since they represent
a variable-type cost not affecting the occurrence of bankruptcy. Therefore, the cumulative cash generated by the sales
is the process C(t) given by
dC(t) = [F(Y (t))X (t)− cX (t)− A]dt.
Our crucial assumption is this: If cash flow is negative, then the company has to sell some assets to avoid
bankruptcy. If it is positive, the amount can be invested, increasing the value of assets and consequently the
forthcoming sales.
We assume that the assets of the company, whose market value is denoted by V (t), are related to sales in a
proportional way, as outlined in the introduction; that is, X (t) = αV (t) for some α > 0.
So we modify the equation for X in the following way:
dX (t) = a1X (t)dt + a1αdC(t)+ σ1X (t)dW1(t).
Negative C(t) creates a danger which can be overcome if the market conditions are favourable (the process W1 has
upward increment) but combined with bad market trends opens a path to bankruptcy. The crucial factor is the fact that
the debt related payment does not depend on the level of sales, with the added danger of illiquidity caused by delayed
or defaulted payments.
In summary, we deal with the following system of stochastic differential equations:
dX (t) = a1[X (t)+ α(F(Y (t))X (t)− cX (t)− A)]dt + σ1X (t)dW1(t), (1)
dY (t) = a2(m − Y (t))dt + σ2dW2(t), (2)
with correlated Wiener processes. Default happens when V (t) downcrosses L(t), which means that even if all assets
are sold, the company cannot repay the debt. The probability of default is then
P
(
min
t≥0
1
α
X (t) < L(t)
)
.
Theorem 1. The system (1) and (2) has a unique solution which can be found in closed-form.
Proof. The easiest way to proceed is to solve the equation for Y first, and then to insert the result to (1) and solve
it. To simplify the matters related to stochastic integrals, we give a specific construction of the Wiener processes. We
take an auxiliary Wiener process W independent of W1 and we put
W2(t) = ρW1(t)+
√
1− ρ2W (t).
We can assume, that the processes W1 and W live on different probability spaces Ω1 and Ω2, and we take the common
space to be Ω = Ω1×Ω2. HereW1 depends only on ω1, andW on ω2. ThenW2 is a Wiener process whose correlation
withW1 is ρ, and it depends on both ω1 and ω2. The equation for Y , bearing in mind the form ofW2, reads as follows:
dY (t) = a2(m − Y (t))dt + σ2ρdW1(t)+ σ2
√
1− ρ2dW (t),
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and so
Y (t) = e−a2t
(
Y (0)+ m(ea2t − 1)+ σ2ρ
∫ t
0
ea2udW1(u)+ σ2
√
1− ρ2
∫ t
0
ea2udW (u)
)
.
The stochastic integrals of deterministic functions can be further evaluated:∫ t
0
ea2udW1(u) = ea2tW1(t)−
∫ t
0
ea2uW1(u)du,
and similarly we can compute the integral with respect to W .
Then we insert the result into the equation for X . Here the stochastic integral is with respect to ω1 on Ω1, and ω2
is a parameter. We can solve this equation obtaining the following formula:
X (t) = Z(t)
(
X (0)−
∫ t
0
a1A
Z(u)
du
)
,
where
Z(t) = exp
{(
a1(1− c)− 12σ
2
)
t + a1α
∫ t
0
F(Y (u))du + σW1(t)
}
(see [8] 5.6.C). 
According to the general scheme of the structural approach, the valuation of the debt exposed to the default risk
depends on the valuation of the American put option on X (t) with variable exercise price 1
α
L(t). Despite having a
closed-form formula for X , we cannot give a formula for the option and we have to employ numerical methods. The
choice is between solving a free boundary problem for a related partial differential equation, or, which seems much
simpler, use a Monte-Carlo simulation. The results of the computations following the latter approach will be presented
in the concluding section.
3. Monte-Carlo simulation
Discretisation of the stochastic differential equations will be performed by means of binomial trees. The number
of steps is chosen to be 624, corresponding to 12 years with one week steps 1t = 152 , so t = 152 , 252 , . . . , 12. At
each step, we draw a random number ξ from the interval [0, 1] with a uniform distribution, and then we generate
the directions of the tree movements by defining two {−1, 1}-valued random variables 1W1(t) and 1W2(t) with
prescribed correlation ρ and 0.5 probabilities. Namely, let q = (ρ + 1)/4 and let
1W1(t) =
{
1 if ξ ∈ [0, 0.5],
−1 if ξ ∈ (0.5, 1],
1W2(t) =
{
1 if ξ ∈ [0, q] ∪ (0.5, 1− q]
−1 if ξ ∈ (q, 0.5] ∪ [1− q, 1].
We begin with the equation for the auxiliary process Y,1Y (t) = a2(m − Y (t))1t + σ21W2(t), assuming for
simplicity that a2 = 1. Assuming that a typical delay of payment is 3 months and the interest rate r = 12%, if
there were no randomness in the credibility of our customers, we would receive 97.2718% of invoices in cash. Taking
F(x) = 12 + 1pi arctan(x), we set the mean m = F−1( 1(1+r/52)12 ) = F−1(0.972718) = 11.639087, and we let
Y (0) = m. For σ2 = 80% Fig. 1 shows a possible trajectory of the invoice into cash conversion coefficient.
The mean-reverting feature of the equation keeps the values of F(Y (t)) close to m, but due to volatility, we can
encounter a crisis in payments which may result in the bankruptcy of our company, especially if combined with a
decline of our sales. An example of early default where the sample was generated with σ2 = 200%, σ1 = 30%,
a1 = 4%, c = 85%, V (0) = X (0) = 100, D = 60, r = 12% is shown in Figs. 2 (the red line shows the level of
outstanding debt) and 3.
Remark 2. The parameters of the equations can be easily adjusted to the data. The time series of past sales is readily
available. The average delay of invoice payment (called ACP: average collection period) is a basic financial ratio
and the volatility of the delay can be estimated, so the desired statistical parameters of the sales–cash conversion
coefficient can be found by computing the discount factor for each week.
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Fig. 1. Sample trajectory of F(Y (t)).
Fig. 2. Sample trajectory of X (t) up to a default. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
Fig. 3. The corresponding path of F(Y (t)).
All simulations described in what follows are based on 10,000 trials, which seems sufficient, since we get a standard
deviation of below 1% when taking the results of repeated simulations. With the above values of the parameters, the
probability of default is 38.41% and an example of the histogram of default times can be seen in Fig. 4.
The financial structure of the company is determined by the relation between D and V (0), and has a crucial impact
on the probability of default. The graph in Fig. 5 shows the probability of default as a function of the level of debt.
The correlation between the two noises has some influence on the probability of default. Taking D = 40 we have
the results below. Intuitively, it is clear that high correlation increases the probability of default, since it is then more
likely that bad streaks appear simultaneously.
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Fig. 4. Histogram of default times.
Fig. 5. Probability of default as a function of debt level.
Rho Probability of default
−1 13.59%
−0.8 14.42%
−0.6 14.24%
−0.4 14.45%
−0.2 14.64%
0 15.33%
0.2 15.16%
0.4 15.40%
0.6 15.89%
0.8 16.61%
1 16.82%
The computation of the value of debt is performed path by path by discounting the payments made up to the
moment of default. Of course, in the case of no default, the value coincides with D. The percentage of the resulting
value of debt compared with the face value D, as a function of D (and so, since V (0) = 100, as a function of the
financial structure) is seen in Fig. 6.
In the case of the reduced present value of the debt, given the level of annuity as determined by the rate (r = 12%
in our case), we can compute the yield to maturity, which is the implied interest rate for which the present value of
the payments agrees with the market value of debt. In case of no default, this is of course 12%, and increases with the
level of debt financing as a consequence of the above relation between this level and the value of debt, see Fig. 7.
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Fig. 6. Percentage loss of the value of debt.
Fig. 7. Yield to maturity
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